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The effect of a nonconstant Poisson’s ratio upon the elastic ﬁeld in functionally graded
axisymmetric solids is analyzed. Both of the elastic coefﬁcients, i.e. Young’s modulus and
Poisson’s ratio, are permitted to vary in the radial direction. These elastic coefﬁcients are
considered to be functions of composition and are related on this basis. This allows a closed
form solution for the stress function to be obtained. Two cases are discussed in this inves-
tigation: ﬁrst, both Young’s modulus and Poisson’s ratio are allowed to vary across the
radius and the effect of spatial variation of Poisson’s ratio upon the maximum radial
displacement is investigated; secondly, Young’s modulus is taken as constant and the
change in the maximum hoop stress resulting from a variable Poisson’s ratio is calculated.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Functionally graded materials (FGMs) are nonhomogeneous composites, which consist of two or more phases. The
most common FGMs are metal/ceramic composites, where the ceramic part has a good thermal resisting properties
and the metal has superior fracture toughness. These inhomogeneous solids are used in different branches of engineering
applications, e.g. transport systems, energy conversion and cutting tools (Sasaki and Hirai, 1991; Miyamoto et al., 1999).
FGMs possess a number of advantages that make them attractive, including a potential reduction of in-plane and trans-
verse through-the-thickness stresses, an improved residual stress distribution, enhanced thermal properties, higher frac-
ture toughness, and enhanced stress intensity factors (Birman and Byrd, 2007). The composition and the morphology of
FGMs gradually change over the volume; consequently, the elastic properties of the material change with position
(Miyamoto et al., 1999). This can be used to produce desirable stress and strain ﬁelds. Of particular interest in this con-
tribution is the special case where the elastic properties within an axisymmetric body vary in the radial direction but are
independent of tangential direction. This type of inhomogeneity can be due to several causes: directional cooling leading
to a microstructural gradient (Markworth et al., 1995); phase segregation arising as a result of centrifugal casting (Fukui
et al., 1993); and surface modiﬁcation using laser technology (Picasso et al., 1994; Islam, 1996). The change in elastic
properties of such kind of inhomogeneity has been studied experimentally for different materials recently (Fukui
et al., 1999; Ozmusul and Picu, 2002).
Scientists and engineers have investigated the stress and displacement ﬁelds caused by pressure and (or) temperature
variation acting on pipes, vessels, and plates made of FGMs in polar coordinates (Noda, 1999; Jabbari et al., 2003). Less. All rights reserved.
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e.g. Dryden, 2007; Mohammadi and Dryden, 2008). In these investigations only Young’s modulus has been considered to
vary with position and Poisson’s ratio was taken as being constant. This simpliﬁes the analysis.
However, experimental measurements indicate that Poisson’s ratio is not constant in FGMs, see e.g. Marur and Tippur
(1998). The change in Poisson’s ratio affects the elastic ﬁeld. Lutz and Zimmerman analyzed thermal stresses in functionally
graded spherical and cylindrical vessels due to the uniform heating (Lutz and Zimmerman, 1996; Zimmerman and Lutz,
1999). In their contribution, k and l, i.e. two Lamè’s elastic coefﬁcients, were considered to vary across the radius. Paulino
and Kim (2004) showed that Poisson’s ratio is an important factor on the fracture of FGMs and it can have signiﬁcant inﬂu-
ence on the stress intensity factor and T-stress of a crack under a mixed-mode loading condition. Recently, Eraslan (2006)
has analyzed a FG pressurized tube under non-uniform temperature distribution. Young’s modulus, Poisson’s ratio, and ther-
mal expansion were considered to vary with position according to a power law. The governing differential equation was
solved numerically.
Here, the general formulation of the elastic stress ﬁeld for axisymmetric problems in polar coordinates is obtained. In this
contribution both Young’s modulus and Poisson’s ratio are considered to vary across the radius. Using the law of mixtures,
Young’s modulus and Poisson’s ratio are related and a closed form solution for the stress function in terms of hypergeometric
functions is obtained. This investigation is focused on the effect of spatial variation of Poisson’s ratio upon the maximum
radial displacement and maximum normalized hoop stress for a pressurized tube.2. Analysis of axisymmetric problems
To begin, the general governing differential equation for radially symmetric deformations is derived and then this equa-
tion with special boundary conditions is solved for a ring. In the cylindrical coordinates the inner and outer radii are equal to
a and b, respectively. This deformable body is made of a FGM whose elastic properties only change across the radius. It is
convenient to use normalized variables. The dimensionless radius is q = r/a so that the inner and outer surfaces are
q = a = 1 and q = b = b/a, respectively. In addition, dimensionless displacements u = U/a and v = V/a are deﬁned. Young’s mod-
ulus, E and Poisson’s ratio, m are considered to vary in the radial direction. The aim here is to ﬁnd the effect of these nonho-
mogeneities especially, radially dependent Poisson’s ratio on the stress ﬁeld. To begin the analysis, let us start with the
strain–displacement relations.
2.1. Strain–displacement
Suppose that the elastic body is in a condition of plane stress, where rz = 0. In polar coordinate the average values of dis-
placement, strain, and stress across the thickness are used (Love, 1906). For the sake of simplicity the overbar is omitted from
all of these average values. The strain–displacement equations in polar coordinates for axisymmetric bodies are familiar, see
for example Timoshenko and Goodier (1970), and they are written asq ¼ dudq ; ð1Þ
h ¼ uqþ B; ð2Þ
qh ¼ 0; ð3Þ
where u = u(q) and B is an unknown constant. Aside from the terms containing the rigid body translation and rotations, the
displacement ﬁeld can be written asu ¼ uðqÞ; ð4Þ
t ¼ Bqh: ð5ÞThe constant B is equal to zero for a solid ring; otherwise, the displacement is not single-valued. For a curved beamwith free-
ends, Eq. (5) describes a rotation by an angle Bh about the center of curvature and it also implies that the cross sections
remain plane after applying the loads. Using these equations, it follows that the compatibility condition is written asdðqhÞ
dq
 q ¼ B: ð6ÞIn 1852 Lamè studied the problem of elastic stresses in pressurized homogeneous cylindrical pipes. About 30 years later,
Golovin and Ribière independently investigated the stress ﬁeld due to the bending in a curved beammade of a homogeneous
material (Timoshenko and Goodier, 1970).
2.2. Hooke’s law and equilibrium
In plane stress, Hooke’s law for an isotropic nonhomogeneous elastic body is expressed as
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h ¼ rh  mrqE : ð8ÞIt is noted that for the plane strain case E and m are replaced by E/(1  m2) and m/(1  m), respectively. In the axisymmetric
problem assumed here, mechanical equilibrium in both axial and tangential directions is identically satisﬁed and the con-
dition for the radial equilibrium isdðqrqÞ
dq
¼ rh: ð9ÞA stress function, / = /(q), which depends solely upon the radial variables is used. The stresses are then deﬁned byrq ¼ /q ; rh ¼
d/
dq
ð10Þand with this deﬁnition the radial equilibrium is identically satisﬁed.
2.3. Relation between E and m
Generally, it is acknowledged that Young’s modulus and Poisson’s ratio are independent quantities. However, in FGMs the
composition C varies with radial position, and the elastic properties here are taken as being functions of composition, i.e.
E = f1(C) and m = f2(C), where the inﬂuence of structural morphology is neglected. In this type of treatment, both E and m attain
an extremum when dC/dr = 0 and they are both constant when C is uniform. If it is possible to invert these equations so that
C ¼ f11 ðEÞ ¼ f12 ðmÞ, then this will provide a relationship between E and m. A simple, albeit crude, approximation that captures
these features is to use the law of mixtures so thatE  a0 þ a1C; ð11Þ
m  b0 þ b1C: ð12ÞUpon solving for C in Eq. (11) it follows that m  c0 + c1E, where c0 and c1 are the appropriate constants and they can be po-
sitive or negative. Since the concentration varies with q, it follows that Young’s modulus can be written asE ¼ E0f; ð13Þ
where f is a dimensionless function of q describing the spatial variation of Young’s modulus and E0 has appropriate units.
The expression for Poisson’s ratio then has the formm  m0 þ m1f; ð14Þ
where the constants m0 and m1 can be adjusted to provide the best ﬁt for the radial proﬁle of Poisson’s ratio. It is noted that a
FGM having a constant Poisson’s ratio, i.e. m = m0, corresponds to the case where m1 = 0.3. Governing differential equation
To obtain the governing differential equation, which the stress function must satisfy, the following steps are undertaken.
First, the results in Eq. (10) are substituted into Hooke’s law to give the strain in terms of the stress function. Second, these
strains are then inserted into the compatibility equation (6). Finally, using the relationship between Young’s modulus and
Poisson’s ratio, given in Eq. (14), the differential equation that emerges is written asd2/
dq2
þ d/
dq
1 g
q
 
 / 1 m0g
q2
 
¼ EB
q
: ð15Þwhere the function g contains the effect of nonhomogeneous stiffness and is given byg ¼ q
E
dE
dq
: ð16ÞThe governing differential equation (15) does not have any dependence upon m1 so that the stress function / depends only
upon g and m0. Hence, the stress ﬁeld can be viewed as pertaining to a solid having a constant Poisson’s ratio equal to m0 and
whose the spatial variation of E is described by the function g.
3.1. Bending problem
Suppose that /1(q) and /2(q) are the two complementary solutions to Eq. (15) and as stated above these solutions depend
upon m0 and g. Using standard results from the theory of ordinary differential equations, see for instance (Braun, 1993), it can
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solution to Eq. (15) has the formvðqÞ ¼ B
Z q
1
½/2ðqÞ/1ðtÞ  /1ðqÞ/2ðtÞdt: ð17ÞThe coefﬁcient B depends upon the stress ﬁeld and is chosen so that the bending moment is equal to a speciﬁed value; con-
sequently, B is insensitive to the coefﬁcient m1. Therefore, unlike the radial displacement, the tangential displacement,
v = Bqh, has no dependence whatsoever upon m1. Since the purpose of this note is to consider the inﬂuence of the spatial var-
iation of Poisson’s ratio, only the pressurized ring problem, where there is solely radial displacement, is considered in this
contribution.
3.2. Spatial variation of elastic properties
Young’s modulus in Eq. (13) is deﬁned by the relation E = E0f and the function f needs to be deﬁned. A power law, i.e.
f = qm, is commonly used to deﬁne the spatial distribution of elastic and thermal properties, see for example Jabbari et al.
(2003). The two parameters E0 and m can be adjusted to approximate the radial behavior of Young’s modulus. It is noted
that the power law is either an increasing or decreasing function depending on the sign of the exponent so that its usefulness
is restricted to FGMs whose Young’s modulus has this shape. Moreover, the form E = E0 q2m cannot be used to solve either the
exterior problem corresponding to a hole in an inﬁnite plate which includes the region q?1, or the interior problem cor-
responding to a solid disk which includes the region q? 0.
For these reasons, a slightly more general expression to deﬁne the radial distribution of Young’s modulus has been pro-
posed (Dryden and Jayaraman, 2006)E ¼ Eaq2m exp½cðqs  1Þ; ð18Þ
where m, c, and s are real constants and Ea is the value of Young’s modulus at r = a. This expression has four adjustable
parameters and so that it has more ﬂexibility in modeling the shape of the stiffness proﬁle than does the power law. For
either the interior or the exterior problem, the coefﬁcient m = 0 so that E = E0exp(cqs) and the appropriate sign for s is used.
3.3. Solution in the form of hypergeometric functions
Inserting the expression for E = E0f into Eq. (16) leads to g = 2m + scqs; thus, the homogeneous part of Eq. (15) becomesq2
d2/
dq2
þ ð1 2m scqsÞqd/
dq
 ð1 2mm0  sm0cqsÞ/ ¼ 0: ð19ÞIn order to solve Eq. (19) analytically, two substitutions are used and the governing equation is transformed into Kummer’s
equation, and the two linearly independent solutions to the homogeneous differential equation can be obtained (Dryden,
2007; Mohammadi and Dryden, 2008)/1ðqÞ ¼ qn1Mða1; b1; cqsÞ; ð20Þ
/2ðqÞ ¼ qn2Mða2; b2; cqsÞ; ð21Þwhere M(a,b,x) is the Kummer’s (conﬂuent hypergeometric) function and the constants are deﬁned as follows:n1 ¼ mþ j; n2 ¼ m j;
a1 ¼ n1  m0s ; a2 ¼
n2  m0
s
;
b1 ¼ sþ 2js ; b2 ¼
s 2j
s
;where j 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 2mm0 þm2
p
. The properties of Kummer’s function are familiar and can be found in various mathematical ref-
erences, e.g. Abramowitz and Stegun (1972).4. Pressurized solid ring
An internally pressurized functionally graded solid ring has inner and outer radii equal to a = 1 and q = b = b/a, respec-
tively, so that both solutions, /1(q) and /2(q), are needed. The ring is subjected to an internal pressure P, so that the bound-
ary conditions for this problem arerqð1Þ ¼ P ) /ð1Þ ¼ P; ð22Þ
rqðbÞ ¼ 0 ) /ðbÞ ¼ 0: ð23ÞUpon solving Eq. (19) with the boundary conditions (22,23), the solution for the stress function can be written as
Fig. 1.
c = 0.17
Poisson
radius
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/2ð1Þ/1ðbÞ  /2ðbÞ/1ð1Þ
 
: ð24Þwhere /(1) = P and /(b) = 0.
4.1. Varying Young’s modulus with constant m0
As previously stated, the stresses do not depend upon m1 and are completely speciﬁed for given values of g and m0. The
purpose of this section is to illustrate the effect of m1 upon the displacement u for a given function g. To begin, consider a
pressurized solid ring where b = 2 and the spatial variation of Young’s modulus is adjusted so that Ea = Eb. The constants
in Eq. (18) can be adjusted in various ways to produce this condition and here m = 2, c = 0.172, and s = 4.1. The function
f is then approximately given byf  exp½0:172ðq
4:10  1Þ
q4
: ð25ÞThe graph of f = E/Ea is shown in Fig. 1(a) and the function g = (df/dq)q/f. A material of this type, where the properties are
almost symmetrical with respect to the middle surface c = (a + b)/2, can arise due to diffusion in the radial direction from
each surface. In the limiting case, ifm and s are made very large, the stiffness proﬁle approximates thin coatings on the inner
and outer surfaces. If ma = mb are the boundary values for Poisson’s ratio then according to Eq. (14) m is written asa
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(a) Spatial variation of normalized Young’s modulus E/Ea = f versus dimensionless radius q when the constants in Eq. (18) are set as m = 2,
2, and s = 4.1; (b) distribution of normalized hoop and radial stresses, Sh and Sq, versus dimensionless radius q; (c) different spatial variation of
’s ratio m versus dimensionless radius q for m0 = 0.25; (d) distributions of corresponding normalized radial displacement u/u0 versus dimensionless
q.
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and due to symmetry m1 = ma  m0. The constant m0 is arbitrary and here m0 = 0.25. Normalized stress components can be intro-
duced which are speciﬁed as below:Sq ¼ rqr0 ;
Sh ¼ rhr0 ;
ð27Þwhere r0 = P/(b  1) is the average hoop stress. The distribution of dimensionless stress components Sq and Sh corresponding
to m0 = 0.25 is shown in Fig. 1(b).
Although the spatial variation of m does not affect the stress, it does have an inﬂuence upon the displacement. Using
Hooke’s law, Eeh = rh  mrq, the displacement u is found asu ¼ q
E
ðrh  mrqÞ: ð28ÞTo show the inﬂuence of m upon displacement, the following two cases are considered:
Case (1): The coefﬁcients m0 = 0.25, ma = 0.
Case (2): The coefﬁcients m0 = 0.25, ma = 0.5.
These are shown in Fig. 1(c) along with constant Poisson’s ratio m = m0 = 0.25. The displacement corresponding to these cases
is shown in Fig. 1(d) and the results in this ﬁgure can be explained by considering Eq. (28). The maximum displacement, ua
occurs at the inner surface q = 1 and according to Fig. 1(b), the quantities rh  2.75P and rq = P. The displacement ua can
then be written asua  Pð2:75þ maÞEa : ð29ÞThe displacements in Fig. 1(d) are normalized with respect to u0  3P/Ea corresponding to material having constant Poisson’s
ratio m = ma = m0 = 0.25. As can be seen in the ﬁgure ua varies by about 15% between cases (1) and (2). At the outer surface
q = 2, the radial stress rq = 0 and according to Eq. (28) the displacement is the same for all cases.
4.2. Constant Young’s modulus with varying Poisson’s ratio
The purpose of this section is to investigate the stresses in a pipe where Young’s modulus is constant and Poisson’s ratio
changes from ma to mb across the wall thickness; subsequently, it is shown that m0 is given by the expression in Eq. (33). To
begin, it is well known that if both Poisson’s ratio and Young’s modulus are constant, the maximum stress in the hoop direc-
tion, r0 = P(b2 + 1)/(b2  1), occurs at the inner surface and can be rewrittenr0 ¼ Ptanhg ; ð30Þwhere g = lnb. Since we want to examine the effect of the spatial variation of Poisson’s ratio upon r0, a case where Young’s
modulus is virtually constant is considered. On the other hand, Poisson’s ratio is allowed to change across the thickness from
ma to mb. To achieve this condition, we setE ¼ Eaq2m; ð31Þ
and perform a limiting process where m? 0. The governing differential equation (19) becomesq2
d2/
dq2
þ q d/
dq
 ð1 2mm0Þ/ ¼ 0: ð32ÞAccording to Eq. (14) Poisson’s ratio is given by the form m = m0 + m1q2m, where the coefﬁcients are adjusted to satisfy ma and mb
at the end points. As m? 0 it is expected that m0 becomes inﬁnite and indeed it follows after some algebra thatm0 ¼ b
2mma  mb
b2m  1 
ma  mb
2m ln b
: ð33ÞThe quantity 2mm0 then becomes2mm0  xg ; ð34Þwhere x = mb  ma. The expression for Poisson’s ratio becomesm  ma þx lnqln b
 
: ð35Þ
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The reduced differential equation (32) is an Euler–Cauchy equation and the two linearly independent solutions areFig. 2.
approx
is const/1ðqÞ ¼ qc; /2ðqÞ ¼ qc; ð36Þ
where c ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þx=gp . Using Eqs. (36), (24), and (10), the maximum hoop stress occurring at the inner surface can be found
and is written asðrhÞmax ¼
Pn
g tanh n
; ð37Þwhere n  cg ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g2 þxg
p
. The maximum normalized hoop stress, S = (rh)max/r0, is given byS ¼ n tanhg
g tanh n
: ð38ÞFor imaginary values of n, i.e. n = ijnj, the identity tanh(ijnj) = i tanjnj is used. Ifx = 0 the material is homogeneous and S = 1. To
show the effect of spatial variation of Poisson’s ratio, a Taylor series expansion around x = 0 is found and the ﬁrst two terms
are given byS  1þ 1 2g
sinh2g
 
x
2g
: ð39ÞThe second term contains the effect of spatial variation of Poisson’s ratio. The largest possible effect of the spatial variation
occurs whenx = ±1/2 and Fig. 2 shows the graph of S versus g for these cases. The Taylor series shows reasonable agreement
with the exact result. For the values g < 1/2, the stress is approximately given by S  1 +xg/3. As shown in the ﬁgure when
g  1.3, i.e. b  3.7, there is at most a change of 12% in the hoop stress. For values of g > 3, the stress dies off according to
S  1 +x/2g.
5. Discussion and conclusions
The axisymmetric stress ﬁeld in a pressurized ring where both Poisson’s ratio and Young’s modulus change continuously
across the radius has been derived. Young’s modulus is written as E = Eaf and here the function f = q2mexp[c(qs  1)], which
has been given in Eq. (18), is used. Using standard techniques in curve ﬁtting, the parameters m, c, and s can be adjusted to
ﬁnd the best ﬁt for the actual stiffness proﬁle. A rationale for writing Poisson’s ratio in the form m = m0 + m1f has been pre-
sented in Section 2.3, where the parameters m0 and m1 are adjusted to ﬁt the actual proﬁle of Poisson’s ratio.
The stress depends only upon E and m0, whilst the displacement u also depends on m1. To investigate the effect of the non-
constant Poisson’s ratio upon the elastic ﬁeld, two situations have been considered. First, in Section 4.1, both the expression
for the elastic modulus E and the numerical value of m0 are given. The stress is then completely deﬁned and the effect of the
parameter m1 upon the radial displacement is investigated. For the pressurized ring, the maximum value of u occurs at the
inner surface and it has been found that by varying m1 between its limits, the radial displacement can change by up to 15%.
Second, in Section 4.2, Young’s modulus E is held constant and Poisson’s ratio is allowed to vary across the wall thickness
from ma to mb. The maximum change in m across the wall thickness is then given whenx = mb  ma = ±1/2. The maximum hoop
stress occurs at the inner surface, and, depending upon the value of x, this stress changes by up to ±12%.η = ln ( β )
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